The relativistic proton-neutron quasiparticle random phase approximation (PN-RQRPA) is applied in the calculation of total muon capture rates on a large set of nuclei from 12 C to 244 Pu, for which experimental values are available. The microscopic theoretical framework is based on the Relativistic Hartree-Bogoliubov (RHB) model for the nuclear ground state, and transitions to excited states are calculated using the PN-RQRPA. The calculation is fully consistent, i.e., the same interactions are used both in the RHB equations that determine the quasiparticle basis, and in the matrix equations of the PN-RQRPA. The calculated capture rates are sensitive to the in-medium quenching of the axial-vector coupling constant. By reducing this constant from its free-nucleon value g A = 1.262 by 10% for all multipole transitions, the calculation reproduces the experimental muon capture rates to better than 10% accuracy.
I. INTRODUCTION
Semi-leptonic weak interaction processes in nuclei are very sensitive to detailed properties of nuclear ground states and excitations. In astrophysical applications, in particular, weak interaction rates (β-decay half lives, neutrino-nucleus cross sections, electron capture rates) must be calculated for hundreds of isotopes. Many of those are located far from the valley of β-stability, and thus not easily accessible in experiments. For a consistent description, reliable predictions and extrapolations of these processes it is, therefore, essential to employ a consistent theoretical framework based on microscopic nuclear structure models.
At present the framework of nuclear energy density functionals (NEDF) provides the most complete description of ground-state properties and collective excitations over the whole nuclide chart. At the level of practical applications the NEDF framework is realized in terms of self-consistent mean-field (SCMF) models. With a small set of universal parameters adjusted to data, the SCMF approach has achieved a high level of accuracy in the description of structure properties over the whole chart of nuclides, from relatively light systems to superheavy nuclei, and from the valley of β-stability to the particle drip-lines [1, 2] .
In a series of recent studies we have used a fully consistent microscopic approach based on relativistic energy density functionals to analyze β-decay half-lives of neutron-rich nuclei [3, 4] , and to model inclusive charged-current neutrino-nucleus reactions [5] . In this framework nuclear ground states are described using the relativistic Hartree-Bogoliubov (RHB) model [2] , and transitions to excited nuclear states are calculated in the relativistic quasiparticle random-phase approximation (RQRPA) [6, 7] . There are important advantages in using functionals with manifest covariance, the most obvious being the natural inclusion of the nucleon spin degree of freedom. The resulting nuclear spin-orbit potential has the correct empirical strength and isospin dependence. This is, of course, especially important in the description of excitations in the spin-isospin channel, e.g. semi-leptonic weak interaction processes. In addition, by employing a single universal effective interaction in modeling both ground-state properties and multipole excitations in various mass regions of the chart of nuclides, the calculation of weak-interaction rates is essentially parameter free, and can be extended to regions of nuclei far from stability, including those on the r-process path.
To successfully extend a particular microscopic approach to regions of unknown nuclei far from stability, it is necessary to perform extensive tests and compare results with available data. Reliable prediction of weak interaction rates, in particular, require a fully consistent description of the structure of ground states and multipole excitations. For instance, calculated β-decay half-lives are very sensitive to low-energy Gamow-Teller transitions, but can only test excitations of lowest multipoles. Higher multipoles are excited in neutrino-nucleus reactions in the low-energy range below 100 MeV, and these reactions could play an important role in many astrophysical processes, including stellar nucleosynthesis. There are, however, only few data on neutrino-nucleus reactions, and these are limited to relatively light nuclei. Much more data are available for total muon capture rates. Muon capture on stable nuclei has been studied in details since many years, both experimentally and theoretically [8, 9, 10, 11] . In this process the momentum transfer is of the order of the muon mass and, therefore, the calculation of total muon capture rates presents an excellent test of models that are also used in studies of low-energy neutrino-nucleus reactions.
In this work we test the fully consistent RHB plus proton-neutron RQRPA model in the calculation of total muon capture rates on a large set of nuclei from 12 C to 244 Pu, for
which experimental values are available [12] . Previous calculation of muon capture rates on selected nuclei using the RPA approach include the consistent Hartree-Fock (HF) RPA model [13, 14] , in which the HF mean field and the particle-hole interaction result from the same Skyrme effective force, and a series of studies [15, 16, 17, 18] in which both the continuum and standard RPA were used, and the effect of quenching of axial-vector coupling was analyzed. The present analysis parallels the recent study by Zinner, Langanke and Vogel [18] , where the nonrelativistic RPA was used to systematically calculate muon capture rates for nuclei with 6 ≤ Z ≤ 94. There are, however, significant differences between the two approaches. The model employed in Refs. [15, 16, 17, 18 ] uses a phenomenological WoodsSaxon potential to generate the basis of single-nucleon states. The strength of the potential is adjusted to experimental proton and neutron separation energies in individual nuclei. In a second step the RPA with a phenomenological Landau-Migdal residual interaction is used to calculate nuclear excitations. The present approach, as already emphasized above, is fully consistent: both the basis of single-nucleon states and multipole excitations of nuclei are calculated from the same energy density functional or nuclear effective interaction. Results will be compared with data and discussed in relation to those reported in Ref. [18] . In particular, we will consider the important issue of quenching of the axial-vector strength.
II. THEORETICAL FRAMEWORK
The capture of a negative muon from the atomic 1s orbit on a nucleus (Z, N)
presents a simple semi-leptonic reaction that proceeds via the charged current of the weak interaction. Detailed expressions for the reaction rates and the transition matrix elements can be found in Refs. [11, 19, 20] . The capture rate reads
where Ω denotes the quantization volume and ν is the muon neutrino energy. The HamiltonianĤ W of the weak interaction is expressed in the standard current-current form, i.e. in terms of the nucleon J λ (x) and lepton j λ (x) currentŝ
and the transition matrix elements read
φ 1s (x) is the muon 1s wave function, the four-momentum transfer is q ≡ (q 0 , q), and the multipole expansion of the leptonic matrix element l λ e −iq·x determines the operator structure for the nuclear transition matrix elements [11, 19, 20] . The expression for the muon capture rate is given by
• the longitudinal operator
• the transverse electric operator
• and the transverse magnetic operator
where all the form factors are functions of q 2 , and κ = |q|. These multipole operators contain seven basic operators expressed in terms of spherical Bessel functions, spherical harmonics, and vector spherical harmonics [19] . By assuming conserved vector current (CVC), the standard set of form factors reads [21] :
The muon capture rates are evaluated using Eq. (5), with the transition matrix elements between the initial and final states determined in a fully microscopic theoretical framework based on the Relativistic Hartree-Bogoliubov (RHB) model for the nuclear ground state, and excited states are calculated using the relativistic quasiparticle random phase approximation (RQRPA). The RQRPA has been formulated in the canonical single-nucleon basis of the relativistic Hartree-Bogoliubov (RHB) model in Ref. [6] , and extended to the description of charge-exchange excitations (proton-neutron RQRPA) in Ref. [7] . In addition to configurations built from two-quasiparticle states of positive energy, the relativistic QRPA configuration space must also include pair-configurations formed from the fully or partially occupied states of positive energy and empty negative-energy states from the Dirac sea.
The RHB+RQRPA model is fully consistent: in the particle-hole (ph) channel effective Lagrangians with density-dependent meson-nucleon couplings are employed, and pairing (pp) correlations are described by the pairing part of the finite range Gogny interaction. Both in the ph and pp channels, the same interactions are used in the RHB equations that determine the canonical quasiparticle basis, and in the matrix equations of the RQRPA. In this work we use one of the most accurate meson-exchange density-dependent relativistic meanfield effective interactions -DD-ME2 [22] in the ph channel, and the finite range Gogny interaction D1S [23] in the pp channel.
The spin-isospin-dependent interaction terms are generated by the π-and ρ-meson exchange. Although the direct one-pion contribution to the nuclear ground state vanishes at the mean-field level because of parity conservation, the pion must be included in the calculation of spin-isospin excitations. The particle-hole residual interaction of the PN-RQRPA is derived from the Lagrangian density:
where vectors in isospin space are denoted by arrows. For the density-dependent coupling strength of the ρ-meson to the nucleon we choose the value that is used in the DD-ME2 effective interaction [22] , and the standard value for the pseudovector pion-nucleon coupling is f 2 π /4π = 0.08, and m π = 138 MeV. The derivative type of the pion-nucleon coupling necessitates the inclusion of the zero-range Landau-Migdal term, which accounts for the contact part of the nucleon-nucleon interaction
with the parameter g ′ adjusted in such a way that the PN-RQRPA reproduces experimental values of Gamow-Teller resonance (GTR) excitation energies [7] . The precise value depends on the choice of the nuclear symmetry energy at saturation, and for the DD-ME2 effective interaction g ′ =0.52 has been adjusted to the position of the GTR in 208 Pb. This value is kept constant for all nuclides calculated in this work.
In the evaluation of muon capture rates (Eq. (5)), for each transition operatorÔ J the matrix elements between the ground state of the even-even (N, Z) target nucleus and the final state are expressed in terms of single-particle matrix elements between quasiparticle canonical states, the corresponding occupation probabilities and RQRPA amplitudes:
Transitions between the |0 + ground state of a spherical even-even target nucleus and excited states in the corresponding odd-odd nucleus are considered. The total muon capture rate is calculated from the expression:
with the neutrino energy determined by the energy conservation relation
where ǫ b is the binding energy of the muonic atom. for the muon is therefore solved in coordinate space using the method of finite elements with B-spline shape functions [24, 25] . As an illustration, in Fig. 1 With the increase of Z the muon is pulled into the nuclear Coulomb potential, and thus the magnitude of the 1s density inside the nucleus is reduced with respect to the point-charge value. To test our calculation of muon orbitals in the nuclear Coulomb potential, in Tables I and II the muon transition energies in Sn isotopes and in 208 Pb, respectively, are compared with available data [26, 27] . The calculated transition energies are in good agreement with experimental values.
The effect of the finite distribution of ground-state charge densities on the calculated muon capture rates is illustrated in Fig. 2 . For a large set of nuclei from 12 C to 244 Pu, we plot the ratio between calculated and experimental muon capture rates. This ratio is ≤ 1.5
for all nuclei when the muon 1s wave functions are determined by self-consistent groundstate charge densities, whereas for point-charge Coulomb potentials one notes a distinct increase with Z, and ω calc. /ω exp. ≥ 4 for the heaviest systems.
III. RESULTS FOR MUON CAPTURE RATES
The muon capture rates shown in Fig. 2 are calculated with the standard set of free nucleon weak form factors Eqs. (10) - (13) [21], i.e. the calculation does not include any inmedium quenching of the corresponding strength functions. Even with muon wave functions determined self-consistently by finite-charge densities, the resulting capture rates are larger than the corresponding experimental values by a factor ≈ 1.2 − 1.4. This is in contrast to the results of Ref. [18] , where the experimental values have been reproduced to better than 15% accuracy, using the free-nucleon weak form factors and residual interactions with a mild A dependency. In fact, it was shown that the calculated rates for the same residual interactions would be significantly below the data if the in-medium quenching of the axialvector coupling constant is employed to other than the true Gamow-Teller (GT) amplitudes.
Consequently, the calculations reported in Ref. [18] were performed with quenching only the GT part of the transition strength by a common factor (0.8) 2 = 0.64. It was concluded, however, that there is actually no need to apply any quenching to operators that contribute to the muon capture process, especially those involving single-nucleon transitions between major oscillator shells.
As already emphasized in the Introduction, although both calculations are based on the RPA framework, there are important differences between the model of Ref. [18] , and the RHB+RQRPA approach employed in the present study. The main difference is probably the fact that the present calculation is fully consistent: for all nuclei both the basis of singlenucleon states and the multipole response are calculated using the same effective interaction, whereas in Ref. [18] the phenomenological Woods-Saxon potential was adjusted to individual nuclei and the strength of the residual Landau-Migdal force had a mild A-dependence.
In Fig. 3 we compare the ratios of the theoretical and experimental total muon capture rates for two sets of weak form factors. First, the rates calculated with the free nucleon weak form factors Eqs. (10) - (13) Returning to Fig. 3 , we notice that with a 10% quenching of the free-nucleon axialvector coupling constant g A , for medium-heavy and heavy nuclei the calculated capture rates are still slightly larger than the corresponding experimental values, with the ratio ω calc. /ω exp. typically around 1.1, whereas for several lighter nuclei considered here this ratio is actually less than 1 (cf. also Table III ). Overall the best results, with ω calc. /ω exp. ≈ 1, are obtained near closed shells. The characteristic arches between closed shells can probably be attributed to deformation effects, not taken into account in our RHB+RQRPA model.
In addition to the DD-ME2 interaction, we have also carried out a full calculation of total capture rates from 12 C to 244 Pu, using the density-and momentum-dependent relativistic effective interaction D3C*. In the study of β-decay half-lives of Ref. [4] , this interaction was constructed with the aim to enhance the effective (Landau) nucleon mass, and thus improve the RQRPA description of β-decay rates. When D3C* is used to calculate muon capture rates, some improvement is obtained only locally, for certain regions of Z, whereas in other regions (Z ≈ 50 and Z ≥ 82) the results are not as good as those obtained with DD-ME2.
The overall quality of the agreement between theoretical and experimental capture rates is slightly better with DD-ME2.
The calculated total muon capture rates for natural elements and individual isotopes are also collected in Table III , and compared with available data [12] . In particular, the calculation nicely reproduces the empirical isotopic dependence of the capture rates [8] , i.e.
for a given proton number Z the rates decrease with increasing neutron number, because of the gradual blocking of available neutron levels. The isotopic trend is also illustrated in In conclusion, we have tested the RHB plus proton-neutron RQRPA model in the calculation of total muon capture rates on a large set of nuclei from 12 C to 244 Pu. The calculation is fully consistent, the same universal effective interactions are used both in the RHB equations that determine the quasiparticle basis, and in the matrix equations of the RQRPA. The calculated capture rates are sensitive to the in-medium quenching of the axial-vector coupling constant. By reducing this constant from its free-nucleon value g A = 1.262 to the effective value g A = 1.135 for all multipole transitions, i.e. with a quenching of approximately 10%, the experimental muon capture rates are reproduced with an accuracy better than 10%.
This result can be compared to recent RPA-based calculations [16, 17, 18] , that reproduce the experimental values to better than 15%, using phenomenological potentials adjusted to individual nuclei and A-dependent residual interactions, but without applying any quenching to the operators responsible for the µ − capture process. The test has demonstrated that the RHB plus QRPA model provides a consistent and accurate description of semi-leptonic weak interaction processes at finite momentum transfer in medium-heavy and heavy nuclei over a large Z-range. The fully consistent microscopic approach, based on modern relativistic nuclear energy density functionals, can be extended to other types of weak interaction processes (electron capture, neutrino-nucleus charge-exchange and neutral-current reactions), and to regions of short-lived nuclei far from stability. 
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